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Abstract 
In this paper, we investigate special Smarandache curves in terms of Sab- 
ban frame of spherical indicatriz curves and we give some characterization of 
Smarandache curves. Besides, we illustrate examples of our results. 
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1 Introduction 


A regular curve in Minkowski space-time, whose position vector is composed 
by Frenet frame vectors on another regular curve, is called a Smarandache 
curve [5]. Special Smarandache curves have been studied by some authors. 

Ahmad T.Ali studied some special Smarandache curves in the Euclidean space. 
He studied Frenet-Serret invariants of a special case, [2]. Ozcan Bektas and 
Salim Yiice studied some special smarandache curves according to Darboux 
Frame in £?, [4]. Muhammed Cetin, Yilmaz Tuncer and Kemal Karacan in- 
vestigated special smarandache curves according to Bishop frame in Euclidean 
3-Space and they gave some differential geometric properties of Smarandache 
curves, [3]. Melih Turgut and Siiha Yilmaz studied a special case of such curves 
and called it smarandache TB, curves in the space EF}, [5]. Nurten Bayrak, 
Ozcan Bektag and Salim Yiice studied some special smarandache curves in 
E%, [6]. Kemal Taskoprii , Murat Tosun studied special Smarandache curves 
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according to Sabban frame on S$”, [7]. 


In this paper, we study special Smarandache curves such as TT, 

Tr(TATr), TTr(TATr), NTv, Tn(N ATn), NTn(N ATy), BTp, Tp(BATs3) 
and BTz(BA Tz) created by Sabban frame, {7,77,T A Tr}, {N, Tv, NATy} 
and {B,Tg,B A Tp}, that belongs to spherical indicatrix of a @ curve are 
defined. Besides we have found some results. 


2 Problem Formulations 
The Euclidean 3-space E? be inner product given by 
() =a +234 23 
where (21,22,73) € E®. Let a: I + E® be a unit speed curve denote by 


{T, N, B} the moving Frenet frame . For an arbitrary curve a € E®, with first 
and second curvature, « and 7 respectively, the Frenet formulae is given by [1] 


TCs 
N'=-«T+7TB (1) 
Bl=—-TN. 


Accordingly, the spherical indicatrix curves of Frenet vectors are (J), (V) and 
(B) respectively. These equations of curves are given by [10] 


ar(s) = T(s) 
an(s) = N(s) (2) 
ap(s) = B(s 


For any unit speed curve a : J > E®, the vector W is called Darboux vector 
defined by 


W = 7(s)T(s) + &(s)B(s). 


Wie 


we have 
|W 


If we consider the normalization of the Darboux c = 


and 
c=sin yT(s) + cos pB(s) 


where Z(W, B) = y. 
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Let y: J — S? be a unit speed spherical curve. We denote s as the arc-length 
parameter of y. Let us denote by 


t(s) = 7'(s) (3) 


We call t(s) a unit tangent vector of y. {y,t,d} frame is called the Sabban 
frame of y on S?. Then we have the following spherical Frenet formulae of ¥ : 


y=t 
t= —- 74+ Kd (4) 
d’ = —K,t 


where is called the geodesic curvature of k, on S* and 


Kg = (t',d) [8] (5) 


3 Smarandache Curves in Terms of Sabban 
Frame of Spherical Indicatrix Curves 


In this section, we investigate Smarandache curves according to the Sabban 
frame of Spherical Indicatrix Curves. 

Let a7(s) = T(s) be a unit speed regular spherical curves on S?. We denote 
sr as the arc-lenght parameter of tangents indicatrix (T) 


ar(s) = T(s) (6) 
Differentiating (6), we have 
dar dsr _ ’(s) 
dsr ds 
and F 
s 
rag (7) 
From the equation (7) 
Tr=N 


and 
TATr=B 
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From the equation (3) 
T(s)=T(8) 
Tr(s) = N(s) 
T A Tr(s) = B(s) 
is called the Sabban frame of tangents indicatrix (T). From the equation (5) 


ay = TAT.) = ky = = 


Then from the equation (4) we have the following spherical Frenet formulae of 
(T): 
LS Ep 
Tp =—-T+tTATr (8) 
([TATrp)! = —fTp 


Let ay(s) = N(s) be a unit speed regular spherical curves on $*.We denote 
sy as the arc-lenght parameter of principal normals indicatrix (NV) 


an(s) = N(s) (9) 
Differentiating (9), we have 
Ty =—cosyl’+sinyB 
and 
NATy =singT + cos pB. 

From the equation (3) 

N(s) = N(s) 

Tn(s) = —cos yT(s) + sin pB(s) 

N ATy(s) = sin yT(s) + cos yB(s) 
is called the Sabban frame of principal normals indicatrix (N). From the equa- 
tion (5) 


/ 


ee 
7 WI 


Then from the equation (4) we have the following spherical Frenet formulae of 
(N): 


N= Ty 
Ty =—N + 7 (N A Tw) (10) 
(NA Tw)! = ~ fq Tv 
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Let ag(s) = B(s) be a unit speed regular spherical curves on S*.We denote 
sp as the arc-lenght parameter of indicatrix (B) 


ap(s) = B(s) (11) 
Differentiating (11), we have 
pee 
and 
BAT EST 
From the equation (3) 
B(s) = B(s) 
Tp(s) =—N Ss) 


is called the Sabban frame of binormals indicatrix (B). From the equation (5) 
Kg = 
Then from the equation (4) we have the following spherical Frenet formulae of 
(B): 
B'=Tp 
Ty’ = —B+ 2(B ATs) (12) 
(B ATp)' = —£Tp 


i-) TT;-Smarandache Curves 


Let S? be a unit sphere in EF? and suppose that the unit speed regular curve 
ar(s) = T(s) lying fully on S?. In this case, TT - Smarandache curve can be 
defined by 

Bi(s") = ag(P + Pr). (13) 
Now we can compute Sabban invariants of 77 - Smarandache curves. Differ- 
entiating (13), we have 


ds* 1 T 
se = —-T+N-+-B), 
By ae Ja! ie ) 
where 
ds* 2+ (4)? 
= Be 14 
ds 2 i) 
Thus, the tangent vector of curve (3, is to be 
1 
i CRANE, (15) 
Zee) Ki 
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Differentiating (15), we get 
aS 


Pi ds a eri y t AgN 4 A3B) (16) 

where _ a 

re (or en) a 

T\1 T\4 T\2 
Mu Ga) 8 ae 
AGE ¢ FORE: BE 

rere se 

Substituting the equation (15) into equation (16), we reach 


fi ae VE | | 
T3, = ex epypet BBN EASY, (17) 


Considering the equations (13) and (15), it easily seen that 


1 T 
ewer 


From the equation (17) and (18), the geodesic curvature of ()(s*) is 


(PRT = = “N + 2B). (18) 


5 (Ait — Agt + 23). 


ii-) T7(T A Tr)-Smarandache Curves 


Similarly, T77(T A Ty) - Smarandache curve can be defined by 


1 1 
pale it gy eee dota): (19) 


In that case, the tangent vector of curve {5 is as follows 


1 
a 
Pe Eee 


Differentiating (20), it is obtained that 


(-T - “N+ =B). (20) 


= (iT + oN + A3B) (21) 


where 
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aE eT 8, eT PP 
hes a) 
d= -2(0)*-3(2)?— 2-1 
is) T - 
ds = (~)’ - 22)" - (2). 
Using the equations (19) and (20), we easily find 
(TA Ta) 6= 1 tp _ 4B) 
T)B2 — 2+ 4(2) ie . 


So, the geodesic curvature of 32(s*) is as follows 


a ae 
a+2eyF | 


iii-) TT7(T A Tr)-Smarandache Curves 


TTrT A Tr - Smarandache curve can be defined by 


1 
B3(s*) = wa + Tr + Te /\ Tr). 
Differentiating (23), we have the tangent vector of curve (3 is 
1 
Tp, = T T\2 
yeas HG) 
Differentiating (24), it is obtained that 


where 


Using the equations (23) and (24), we have 


Car aie ~)N ! “B). 


(22) 


(23) 
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(Q28-1T+(-1-2)N+(2-2)B. 
V6,/1—2+ (EP 


So, the geodesic curvature of (33(s*) is 


(TA Tr), = (26) 


C7 ara bata ae Oa) is Cae 
4V2(1 — + (2)2)3 


iv-) NTy-Smarandache Curves 


B3 __ 
Kg = 


NTw - Smarandache curve can be defined by 
1 


ci(s") = Ga (27) 


Differentiating (27), we have the tangent vector of curve ¢3 is 


(— cosy + 2 sin y)T —N-+(sing+ 2, cosy) B 
Ros |W'Ih |W'Ih ; (28) 


Differentiating (28), we get 


1 
—— Te siny — A, cosy)T + ALN + (Agsin yp + A3 cos y)B). 
(2 + (Tie) e 
where 
gy, ey 7 ¥ 2 
5 ac aca ee ee 
. a qe? aay 
de = (TE) (A! (A) 3( EO)? 
° |W" WI ||| |W 
gy. y3 y 
A3 = 2 2 . 
: iia aay cay 
Considering the equations (27) and (28), it easily seen that 
(N ATye = (2sin yp + Hy COS HE + TWN + (2cos y — fw sine) B- (30) 
Sl 1 
4+ 2)” 


The geodesic curvature of ¢(s*) is 
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a _ Anping — emg + 28) 


v-) Tv(N A Ty )-Smarandache Curves 


Ty(N A Tw) - Smarandache curve can be defined by 
1 
6o(s") = (Tn +N ATy). 3l 
Differentiating (31), the tangent vector of curve ¢ is 
(Ti (sin yy + cosy))T — N + (7AA (cos y — sin y) B) 


I = = . (32) 
1+ 2(q7)? 


Differentiating (32), it is obtained that 


2 
a= ve 5[(As sing — Az cos y)T + ALN + (Ag siny + A3 cos y) BI 
(1 + 20 hq)”) 
(33) 
where 
y y' 3 gy); vy 
yeE= + 2 ae 
= ey + qe? +e ue? 
yg \4 gis 7 
y= 23 = 25 
° aia aly cia 
yy g ya 7 #7 yp 
A3 = (=—) -2(——|) - (=). 
: iia Sa iia 
Using the equations (31) and (32), we easily find 
(sin y + cosy)T + 2,%,N + (cosy — siny)B 
(NA Tye = a (34) 
2+ A(T) 


So, the geodesic curvature of ¢2(s*) is as follows 


(qari — A2 + As) 


(1+2(72,)2)3 


K S2 


Nie 
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vi-) NTy(N A Ty)-Smarandache Curves 


NT) N A Ty - Smarandache curve can be defined by 


ee 
=e 


Differentiating (35), the tangent vector of curve ¢ is 


(Nhe NAT: (35) 


oe (—cosp+ ia (cosy + siny))T — N + (sing + in (cos y — siny)) B 


‘3 \/2(1~ py + (ae) 


Differentiating (36), it is obtained that 


(36) 


f= aa AD [(—Az cosy + Az sin y)T + ALN + (A3cosy + Ag siny)B]. 
Y e 
4(1- pq + (i?) ee 
37 
where 
OY vr y’ \3 gy’ \2 yg 
Nir 2 aes yey) aid 4 = 5 
1 = a) Om +2 4G? + 4G? 
go yr, yo gy \4 y’ \3 yy \2 yg 
a EA) 9 12 224 a) = 
; Trae Wi ) Tray Trae ora Cn’ 


/ / / / / / 


de = (V0 a) 2 a 8 ap a, 


we © iw ||| || ||| ||| 
Using the equations (35) and (36), we have 
1 

NATnjag. = ((2 sin yp + cosy (38) 

V6) — hog + (aie 

y y 
+—— (cos py — siny))T + (—1+2 \N 
||| ||| 


/ 


: Y ; 
+(2cos yp — sin y — ——(cosy — sin ¢))B) 
||| 


The geodesic curvature of ¢3(s*) is 
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| 1 ow 
= [Ai (2 1) + Ag(-1 
g rane W 
4V2(1 — qq + (qi)”) wl 
y! 
a9 
82 — TA)! 


vii-) BTz-Smarandache Curves 


BTzp - Smarandache curve can be defined by 


oT 
m(s*) = pn a 


Differentiating (39), the tangent vector of curve 7; is to be 


T. ao (87 ys 8), 


Sees 


Differentiating (40), we get 


shit = ay — AN + A,B). 
(2+ (5 
where 
Balok Ky 2 
Meee ay 2 
K\2  7-K\4 / Ry /Ryr 
wooo Oe 
of Ky, (\8 , oh 
re =2(8)' + (8)? +208). 
Considering the equations (39) and (40), it easily seen that 
CK, <p NaS). 
442(s) 7 7 


So, the geodesic curvature of 7,(s*) is 


a 


Lt 


(40) 


(41) 
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viii-) T,(B A Tg)-Smarandache Curves 


Tp(B A Tp) - Smarandache curve can be defined by 


1 
n2(s*) = —(Tp + BA Tp). 


V2 
Differentiating (43), the tangent vector of curve 7 is as follows 
1 
Tn = (ra N= 8), 
PEO eer cy 


Differentiating (44), it is obtained that 


V2 


—————— 
m+ 28) 


ORF =DoN ADB) 


where 


da = -2(2)*=3(5)?= (5) 1 


T T T 


Kyr Ky 4 Ky2 
ar a) ie oo Res om 
Using the equations (43) and (44), we easily find 


1 


(BAT 2) = (T+N4 2—B). 


2+ 4(*) 


So, the geodesic curvature of 72(s*) is as follows 


ix-) BTp(B \ Tg)-Smarandache Curves 


BT,gB A Tz - Smarandache curve can be defined by 


1 


Differentiating (47), the tangent vector of curve 73 is 


(45) 


(46) 


(48) 
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Differentiating (48), it is obtained that 


Te = 5) (A3l° a Ag N + A,B). (49) 


where 


(B /\ Taya c= 


Q-Sr+(4+5N4 eS sy (50) 


The geodesic curvature of 73(s*) is 


Au (28 — 1) + Ao(—1 — 8) + Aa(2— §) 
4vo(l— 5+ (5)9)! 


3 
Ng 


Example 


Let us consider the unit speed spherical curve: 


Le lL, 9 1 6, 

a(s) = {506 sin 16s — cr daa 36s, apg ©8 16s + 7° 36s, 65 on 10s}. 
In terms of definitions, we obtain Spherical indicatrix curves (T), (N), (B), 
(see Figure 1) and Smarandache curves according to Sabban frame on $7, 
Pi TA To, LEAT hE NTN THON A Ty), NEN ACW), BTR, 
Ts(BATp), BTp(B ATs), (see Figure 2, 3, 4). 
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SS 


Figure 3: NTwn Tn(N ATw) NTn(N AT) 


Figure 4: BTp Tp(B ix Tp) BTp(B /\ Tp) 
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